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Abstract: If dark matter (DM) couples to a force carrier that is much lighter than itself,
then it may form bound states in the early universe and inside haloes. While bound-state
formation via vector emission is known to be efficient and have a variety of phenomeno-
logical implications, the capture via scalar emission typically requires larger couplings and
is relevant to more limited parameter space, due to cancellations in the radiative ampli-
tude. However, this result takes into account only the trilinear DM-DM-mediator coupling.
Theories with scalar mediators include also a scalar potential, whose couplings may par-
ticipate in the radiative transitions. We compute the contributions of these couplings to
the radiative capture, and determine the parameter space in which they are important.
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1 Introduction
In a variety of theories, dark matter (DM) is hypothesised to couple to scalar mediators.
Such a coupling may determine the DM density via thermal freeze-out, and/or connect the
dark sector to the Standard Model (SM) particles. It is a particularly compelling possibility
in view of the discovery of the Higgs boson, which may itself be the mediator, or provide a
portal to DM via an extended scalar sector. If DM possesses a sizeable coupling to the SM
Higgs, then it is constrained by current experiments to be significantly heavier than the
Higgs. On the other hand, if DM couples to a non-SM scalar mediator that is much lighter
than itself, then this coupling may result in significant DM self-scattering inside haloes
that can affect the galactic structure and bring theoretical predictions in better agreement
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with observations [1]. Even outside the self-interacting DM regime, the coupling of DM to
a lighter non-SM scalar mediator is a generic possibility within dark sector models.
In scenarios where DM couples directly to a light force carrier, non-perturbative effects
associated with the long-range nature of the interaction impact the DM phenomenology.
It is well known that the Sommerfeld effect [2, 3] can influence the DM annihilation and
self-scattering rates. This can be the case either if the mediator is a non-SM scalar or the
SM Higgs [4]. More recently, it has been realised that the cosmological and astrophysical
formation of DM bound states is a generic implication of theories with light mediators. The
formation and subsequent decay of unstable bound states can deplete the DM density [5],
and contribute to the DM indirect detection signals [6–15]. The formation of stable bound
states may quell the DM self-scattering inside haloes [16], and give rise to novel radia-
tive [17–20] and direct detection signatures [21, 22]. Attractive interactions may result in
the formation of large bound states [23–25] or non-topological solitons [26–29].
While the importance of bound-state formation (BSF) for DM is now well established
for weakly coupled theories with vector mediators [5–13, 16–18, 30–39], and of course in
confining DM theories [40–44], in models with scalar mediators bound-state effects ap-
pear to be either less severe, or relevant to a limited parameter space. In such models,
the radiative capture into bound states suffers from two cancellations: (i) The lowest or-
der s-wave contribution vanishes due to the orthogonality of the incoming and outgoing
wavefunctions, thus abdicating the leading order to the p-wave. (ii) The leading order
p-wave terms cancel for particle-antiparticle or identical-particle pairs, yielding to s- and
d-wave contributions that are suppressed by higher orders in the coupling with respect to
the capture via vector emission and possibly to the annihilation cross-section [9, 24, 31].
Even so, BSF has some important implications. Since it contains an s-wave component, it
results in CMB constraints for fermionic DM, whose direct annihilation is p-wave and thus
unconstrained by indirect probes [15]. Moreover, asymmetric DM coupled to a light scalar
may form stable multiparticle bound states, provided that the coupling is large enough
to overcome the two-particle capture bottleneck [24, 25, 45] (or BSF is facilitated by a
parametric resonance [46]).
The above results take into account only the trilinear DM-DM-mediator coupling.
This coupling is responsible for the long-range interaction between the DM particles that
determines the scattering and bound state wavefunctions. The same coupling contributes to
the radiative part of the capture process. However, there may be also other couplings that
contribute to this piece. Since the radiative vertex enters the overlap integral between the
initial and final states, its strength and momentum dependence are critical in determining
the efficacy of BSF. It is thus important to consider all relevant contributions, particularly
if they are generic within a theory. Theories with scalar mediators include a scalar potential
whose couplings can contribute to the radiative part of the capture process. In this work,
we investigate the impact of the various couplings in the scalar potential to the radiative
BSF in theories with scalar mediators.
The paper is organised as follows. In section 2, we introduce the interaction La-
grangians, review the computation of radiative transitions, and summarise the past results
on BSF with scalar emission via the trilinear DM-DM-mediator coupling. In section 3,
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we compute the contributions to the radiative BSF from other scalar couplings. We con-
sider both scalar and fermionic DM, and compute BSF via one and two scalar emission
(BSF1 and BSF2 respectively). We discuss the features of the resulting cross-sections and
compare them with the past results. We conclude in section 4, with a discussion of their
potential implications. Various technical computations are included in the appendices. For
easy reference, in table 1 we summarise the notation used throughout the paper.
Description Symbol
Interacting DM Particles X1, X2
Mass of the DM interacting particles m1,m2
Total mass of the DM interacting particles M “ m1 `m2
Reduced mass of the DM interacting particles µ “ m1m2
m1 `m2
Mass ratios η1,2 “ m1,2
m1 `m2
Scalar force mediator ϕ
Mass of the scalar force mediator mϕ
Dimensionless coupling constants g1, g2
Fermionic dark fine structure αf “ g1g2{p4piq
Scalar dark fine structure αs “ g1g2{p16piq
Bohr momentum κ “ µα
Relative velocity of particles in the scattering state vrel
Momentum of particles in the
scattering state in the CM frame
k “ µvrel
Dimensionless parameters that
determine the wavefunctions
ζ ” α{vrel
ξ ” µα
0.84mϕ
Binding energy of n`m bound state n`
in the Hulthen approximation n` “ µα
2
2n2
ˆ
1´ n
2
ξ
˙2
Kinetic energy of scattering state in the CM frame k “ k
2
2µ
“ µv
2
rel
2
Table 1. Notation.
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2 Bound-state formation via emission of scalar mediators
2.1 Preliminaries
We consider two particles X1 and X2 with masses m1 and m2 respectively, that interact
via a light scalar mediator ϕ of mass mϕ. We shall allow X1 and X2 to be real or com-
plex scalars, or Dirac fermions. The relevant interactions are described by the following
Lagrangians,
L<,sc “ 1
2
BµX1BµX1 ` 1
2
BµX2BµX2 ` 1
2
BµϕBµϕ´ 1
2
m21X
2
1 ´ 12m
2
2X
2
2 ´ 12m
2
ϕϕ
2
´ 1
2
g1m1ϕX
2
1 ´ 12g2m2ϕX
2
2 ´ λ1ϕ4 X
2
1ϕ
2 ´ λ2ϕ
4
X22ϕ
2 ´ ρϕ
3!
ϕ3 ´ λϕ
4!
ϕ4
´ λ1
4!
X41 ´ λ24!X
4
2 ´ λ124 X
2
1X
2
2 ,
(2.1)
L=,sc “ BµX:1BµX1 ` BµX:2BµX2 `
1
2
BµϕBµϕ´m21|X1|2 ´m22|X2|2 ´ 12m
2
ϕϕ
2
´ g1m1ϕ|X1|2 ´ g2m2ϕ|X2|2 ´ λ1ϕ
2
|X1|2ϕ2 ´ λ2ϕ
2
|X2|2ϕ2 ´ ρϕ
3!
ϕ3 ´ λϕ
4!
ϕ4
´ λ1
2
|X1|4 ´ λ2
2
|X2|2 ´ λ12|X1|2|X2|2 ,
(2.2)
and
Lf “ X¯1i{BX1 ` X¯2i{BX2 ` 1
2
BµϕBµϕ´m1X¯1X1 ´m2X¯2X2 ´ 1
2
m2ϕϕ
2
´ g1ϕX¯1X1 ´ g2ϕX¯2X2 ´ ρϕ
3!
ϕ3 ´ λϕ
4!
ϕ4 .
(2.3)
Note that, since we are interested in the application of our results to DM, we shall assume
that the interacting particles X1, X2 carry a Z2 symmetry.
For later convenience, we define the total and the reduced mass of the two interacting
particles
M ” m1 `m2, µ ” m1m2
m1 `m2 , (2.4)
and the dimensionless factors
η1 ” m1
m1 `m2 , η2 ”
m2
m1 `m2 . (2.5)
In the non-relativistic regime, the interaction between X1 and X2 is described to
leading order by a static Yukawa potential that arises from the resummation of the one-
boson-exchange diagrams,
VY prq “ ´α
r
e´mϕr, (2.6)
with α “ αsc or α “ αf , depending on whether the interacting particles are scalars or
fermions, where
αsc ” g1g2
16pi
and αf ” g1g2
4pi
. (2.7)
We derive the Yukawa potential and αsc, αf in appendix A. The long-range interaction
between X1 and X2 described by the potential (2.6) distorts the wavefunction of the scat-
tering (unbound) states – a phenomenon known as the Sommerfeld effect [2, 3] – and gives
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rise to bound states. Bound states exist if the mediator is sufficiently light. For the ground
state to exist,
µα{mϕ ą 0.84 , (2.8)
while stronger conditions apply for excited states [9]. The condition (2.8) also roughly
marks the regime where the Sommerfeld effect is significant.
The capture into bound states necessitates the dissipation of the binding energy and
the kinetic energy of the relative motion of the X1X2 pair, which may occur radiatively.
In section 2.2, we review the computation of radiative BSF amplitudes. The capture via
emission of one scalar mediator, X1`X2 Ñ BpX1X2q `ϕ, has been previously considered
in Refs. [9, 15, 24, 31], where only the trilinear ϕX2j couplings were taken into account.
We review the main results in section 2.3. As we shall see, for a particle-antiparticle pair
or a pair of identical particles, the dipole contribution – which is the leading order term
for X1, X2 with different masses and couplings – vanishes identically.
2.2 Radiative transition amplitude
We consider the radiative transitions
X1pk1q `X2pk2q Ñ X1pp1q `X2pp2q ` radiation , (2.9)
where the parentheses denote the 4-momenta of the incoming and outgoing X1 and X2
fields. We will be interested in particular in the case where the incoming X1, X2 particles
form a scattering state, while the outgoing X1, X2 are captured into a bound state. In
order to separate the motion of the CM from the relative motion, we make the following
transformation in the momenta [31, 47]
k1 ” η1K ` q, k2 ” η2K ´ q , (2.10)
p1 ” η1P ` p, p2 ” η2P ´ p , (2.11)
where η1,2 are defined in eq. (2.5).
In the presence of a long-range interaction, the relative motion of X1, X2 is not well
approximated by a plane wave. It is described more generally by wavefunctions, which
in momentum space we shall denote as φ˜kpqq and ψ˜n`mppq for the scattering and the
bound states respectively. The wavefunctions obey the Schro¨dinger equation with the
potential (2.6). The continuous spectrum is characterised by the momentum k “ µvrel,
which is the expectation value of q and parametrises the energy of the relative motion
in the scattering states, k “ k2{p2µq “ µv2rel{2. The bound states are characterised by
the standard discrete principal and angular momentum quantum numbers tn`mu, which
determine the expectation value of p and the binding energy n`. As is well known, for a
Coulomb potential, n` “ κ2{p2n2µq “ µα2{p2n2q, where κ ” µα is the Bohr momentum; a
non-negligible mediator mass suppresses n` and introduces a dependence on `. We review
the wavefunctions in appendix B (see Ref. [9] for a more detailed discussion). For the
purpose of evaluating the leading order contributions to the transition amplitude, we shall
keep in mind that the wavefunctions impose |q| „ |k| “ µvrel and |p| „ κ “ µα.
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In the non-relativistic regime, the total 4-momenta of the scattering and the bound
states are
K »
ˆ
M ` K
2
2M
` k, K
˙
, (2.12)
P »
ˆ
M ` P
2
2M
´ n`, P
˙
. (2.13)
We will work in the CM frame, K “ 0. Then, taking into account that k, n` ! M (or
equivalently α, vrel ! 1), the total energy available to be dissipated is
ω » k ` n` . (2.14)
Evidently, the bound state acquires momentum |P| „ ω.
The full amplitude for the radiative capture into a bound state depends on the overlap
of the initial (scattering) and final (bound) state wavefunctions and the radiative vertex.
The diagrammatic representation for transitions with emission of one or two scalars is
shown in fig. 1. In the instantaneous and non-relativistic approximations, the amplitude
is [31]
MkÑtn`mu » 1?2µ
ż
d3p
p2piq3
d3q
p2piq3
„
1´ p
2 ` q2
4µ2
ˆ
1´ 3µ
M
˙
ψ˜n˚`mppqφ˜kpqqAT pq,pq ,
(2.15)
where AT pq,pq is the radiative amplitude for the (off-shell) transition (2.9), under the
transformations of eqs. (2.10) and (2.11). The fully connected diagrams contributing to
AT can be evaluated at leading order by setting the incoming and outgoing X1, X2 on-
shell. For any non-fully-connected diagrams contributing to AT , the virtuality of X1 and
X2 has to be integrated out. This can be done starting from the off-shell amplitude as
described in [31] (see also [34, section 2.3] for a brief summary), or by adopting an effective
field theory approach [48–59].1 The dominant contributions to the capture with emission
of a vector or scalar mediator via the trilinear coupling arise from non-fully-connected
diagrams [9, 31]. (However, in non-Abelian theories, a leading order contribution to capture
via gluon emission arises also from a fully connected diagram [8].) In the computations of
this paper in section 3, we will consider only fully connected diagrams.
In eq. (2.15), the factor inside the square brackets includes the leading order corrections
in p2,q2 arising from the relativistic normalisation of states [31]. Upon the convolution
with the wavefunctions and integration over p and q, these terms amount to corrections in
α2 and v2rel. They become important when the leading order contribution from AT alone
cancels, as is the case for the capture of particle-antiparticle or identical-particle pairs with
emission of a scalar mediator via the trilinear coupling.
2.3 Capture with scalar emission via the trilinear coupling
The leading contributions to capture with emission of a scalar via the trilinear coupling
only are shown in fig. 2. Starting from eq. (2.15), and neglecting the correction arising
1For a comparison of quantum and classical approaches, see [60].
– 6 –
k1
k2
X1
X2
p1
p2
¨ ¨ ¨ ¨ ¨ ¨ B
Pϕ
AT
k1
k2
X1
X2
p1
p2
¨ ¨ ¨ ¨ ¨ ¨ B
Pa Pb
AT
Figure 1. The amplitude for the radiative capture into bound states via emission of one or two
scalars consists of the initial and final state wavefunctions, and the perturbative radiative amplitude
MT that includes the radiative vertices.
X1
X2
ϕ
η1K ` q η1P ` p
η2K ´ q η2P ´ p
Pϕ
g1m1
Pϕ
g2m2
Figure 2. The contribution of the trilinear DM-DM-mediator couplings to the radiative part of
bound-state formation via emission of one scalar mediator.
from the normalisation of states, these diagrams yield2 [9, 31]
MTCkÑn`m » ´M
a
2µ
ż
d3r ψn˚`mprq φkprq
`
g1 e
´iη2Pϕ¨r ` g2 eiη1Pϕ¨r
˘
, (2.16)
where Pϕ is the momentum of the emitted boson, with P
2
ϕ ` m2ϕ “ ω2 and ω given
in eq. (2.14). The wavefunctions imply that the integrand is significant in the region
r À 1{maxpµα{n, µvrelq ! 1{ω, therefore we may evaluate eq. (2.16) by expanding in
Pϕ ¨ r „ maxpα{n, vrelq (cf. ref. [9, appendix B]). Clearly, the zeroth order terms vanish
due to the orthogonality of the wavefunctions.
For a pair of particles with different masses and/or couplings to the scalar mediator,
the leading order contributions arise from the Pϕ ¨ r terms in the expansion of eq. (2.16).
The cross-section for capture into the ground state tn`mu “ t100u is [9, 31]
σTCBSF1vrel »
„pg1η2 ´ g2η1q2
16piα

piα2
µ2
STCBSF1 , (2.17)
where STCBSF1 depends on the dimensionless parameters α{vrel and µα{mϕ. In the Coulomb
approximation, which is valid at mϕ À µvrel, STCBSF1 depends only on the parameter ζ ”
2 We use the superscript TC to denote contributions that arise from the trilinear coupling alone, and in
section 3 we will use the superscript SC to denote contributions in which other scalar couplings participate.
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α{vrel as follows [9, 31]
STCBSF1pζq “
ˆ
2piζ
1´ e´2piζ
˙
ˆ 2
6
3
ˆ
ζ2
1` ζ2
˙2
e´4ζarccot ζ . (2.18)
For the more general case that includes the effect of the mediator mass, we refer to [9].
We note that eqs. (2.17) and (2.18) correspond to dipole emission (`S “ 1 mode of the
scattering state wavefunction). In eq. (2.17), the factor in the square brackets reduces
to 1 for a pair of scalar particles with g1 “ g2 and η1 " η2. In eq. (2.18), the first
factor inside the brackets is responsible for the characteristic σvrel 9 1{vrel scaling of the
Sommerfeld-enhanced processes at low velocities (ζ Á 1), while the remaining factors tend
to a constant.
Evidently, for a particle-antiparticle pair or a pair of identical particles (g1 “ g2 “ g
and η1 “ η2 “ 1{2), the two terms proportional to Pϕ in the expansion of eq. (2.16) cancel.
This cancellation persists even for capture into bound states of non-zero angular momentum
(` ą 0), as is evident from eq. (2.16), and implies that the next order contributions should
be considered.
For a scalar particle-antiparticle pair the next order terms, which include also the
leading order correction from the normalisation of states shown in eq. (2.15), yield [9]
σTCBSF1vrel » piα
4
sc
µ2
STC
BSF1,XX˚ , (2.19)
where in the Coulomb regime STC
BSF1,XX˚ depends on ζ “ αsc{vrel as follows
STC
BSF1,XX˚ pζq “
ˆ
2piζ
1´ e´2piζ
˙
ˆ 2
6
15
ζ2p3` 2ζ2q
p1` ζ2q2 e
´4ζarccot ζ . (2.20)
(For a pair of identical scalars, an extra factor of 2 arises from the symmetrization of the
scattering state wavefunction.) The case of fermionic DM was considered in ref. [24]. In
the Coulomb regime and for ζ Á 1, the cross-section was found to be
σTCBSF1,XX¯ vrel »
piα4f
µ2
ˆ
2piαf
vrel
˙
24e´4
32
. (2.21)
Note that both eq. (2.19) and eq. (2.21) are suppressed by α2 with respect to eq. (2.17).
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3 The contribution of the scalar potential couplings to radiative capture
In this section, we investigate how the scalar couplings λ1ϕ, λ2ϕ, λϕ and ρϕ in eqs. (2.1)
to (2.3) – which do not affect the long-range potential between X1 and X2 – contribute
to the radiative capture of X1, X2 pairs into bound states. In order to exhibit the leading
order contribution from all couplings, we consider BSF via one and two scalar emission,
BSF1: X1 `X2 Ñ BpX1X2q ` ϕ , (3.1)
BSF2: X1 `X2 Ñ BpX1X2q ` 2ϕ . (3.2)
It is important to note that in most diagrams we will consider, the trilinear couplings
gj also participate in the radiative part of the process (cf. figs. 3 to 6). In fact, it may
naively seem that these diagrams are of the same or higher order in α than those giving rise
to the cross-sections of section 2.3 (even ignoring the additional suppression introduced by
the new couplings). However, the momentum transfer along the mediators exchanged in
these diagrams and the off-shellness of the interacting particles scale also with α, thereby
reducing the order of dependence of the diagrams on α.3
For convenience, we first define in section 3.1 the wavefunction overlaps integrals that
we will use for the BSF cross-sections. We provide some analytic approximations for
capture into the ground state, and describe their features that are of course inherited by
the BSF cross-sections. Then, in sections 3.2 and 3.3 we compute the contributions to BSF1
from the couplings in the scalar potential, for scalar and fermionic interacting particles,
respectively, and discuss in which regimes they are important. We finish with considering
BSF2 in section 3.4.
3.1 Overlap integrals
We define the overlap integrals
Vk,tn`mu ” p8piκq1{2
ż
d3q
p2piq3
d3p
p2piq3
φ˜kpqqψ˜n˚`mppq
pq´ pq2 `m2ϕ , (3.3)
Rk,tn`mu ” p8piκ5q1{2
ż
d3q
p2piq3
d3p
p2piq3
φ˜kpqqψ˜n˚`mppq
rpq´ pq2 `m2ϕs2 , (3.4)
Ik,tn`mupΓq ”
ż
d3p
p2piq3 φ˜kpp` Γqψ˜n˚`mppq “
ż
d3p
p2piq3φkprqψn˚`mprq e
´iΓ¨r . (3.5)
The prefactors in eqs. (3.3) and (3.4) have been chosen such that Vk,tn`mu and Rk,tn`mu
are dimensionless, and the definition of Ik,tn`mu follows refs. [9, 31].
The integrals eqs. (3.3) to (3.5) depend on the two dimensionless parameters
ζ ” α
vrel
and ξ ” µα
0.84mϕ
. (3.6)
3This is of course also the reason for the emergence of the non-perturbative effects we consider, the
Sommerfeld enhancement and the existence of bound states.
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As stated in section 2.1, for the Yukawa potential (2.6) the ground state exists if ξ ą 1 [9].4
However, BSF1 is kinematically possible only if
mϕ ă pµ{2qrα2p1´ 1{ξq2 ` v2rels , (3.7)
where we used the Hulthen approximation for the binding energy (cf. appendix B). In
the regime where BSF is important, vrel À α (see e.g. section 2.3), this condition reduces
roughly to mϕ À µα2{2 or equivalently ξ Á ξmin » 2.4{α " 1, i.e. it is much stronger than
the requirement for the existence of bound states. This in turn ensures that the bound-
state wavefunction can be approximated by its Coulomb value. (For the validity of the
Coulomb limit for the overlap integrals and the BSF cross-sections, see below.)
We derive analytical expressions for the Vk,t100u and Rk,t100u integrals in appendix C,
using an appropriate approximation. The integral (3.5) has been considered in ref. [9]. For
the BSF cross-sections of interest, |Γ| „ |Pϕ| ! x|p|y „ κ, thus IkÑtn`mu can be computed
by expanding in Γ. Here we shall keep up to first order terms in Γ{κ. For capture into the
ground state,
Vk,t100u »
a
8S0pζ, ξq
ˆ
ζ2
1` ζ2
˙
e´2ζ arccot ζ , (3.8)
Rk,t100u »
a
8S0pζ, ξq
ˆ
ζ2
1` ζ2
˙2
e´2ζ arccot ζ , (3.9)
Ik,t100upΓq »
c
28piS1pζ, ξq
κ3
„
ζ5
p1` ζ2q3

e´2ζ arccot ζ
Γ cospθk,Γq
κ
, (3.10)
where S0pζ, ξq and S1pζ, ξq are the Sommerfeld factors for s- and p-wave annihilation re-
spectively. In the Hulthen approximation,
S0pζ, ξq “ 2piζ sinhppiξ{ζq
coshppiξ{ζq ´ coshrppiξ{ζqa1´ 4ζ2{ξs , (3.11)
which in the Coulomb limit reduces to SC0 pζq “ 2piζ{p1´e´2piζq. While there is no analytical
approximation for S1pζ, ξq for finite ξ, in the Coulomb limit ξ Ñ 8 it becomes SC1 pζq “
p1 ` ζ2qSC0 pζq. The Coulomb limit remains a good approximation as long the average
momentum transfer between the interacting particles is larger than the mediator mass,
mϕ À µvrel , (3.12)
or equivalently ξ ą ζ (see e.g. [9]).
Outside this range, i.e. at low velocities vrel À mϕ{µ, both S0 and S1 exhibit parametric
resonances at discrete values of ξ that correspond to the thresholds for the existence of
` “ 0 and ` “ 1 bound states respectively. For S0 in the Hulthen approximation, these are
ξ “ n2 with n P integers. At non-resonant parametric points, S0 and S1 follow the Coulomb
4 Note that in ref. [9], the parameter ξ was defined as µα{mϕ. The reason we prefer the definition
(3.6) here is to simplify the expressions for the wavefunctions and the binding energies in the Hulthen
approximation of the Yukawa potential.
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X1
X2
ϕ
η1K ` q η1P ` p
η2K ´ q η2P ´ p
Pϕ
λ1ϕ
g2
Pϕ
g1
λ2ϕ
Pϕ
g1
g2
ρϕ
Figure 3. The contribution of the scalar couplings to the radiative part of bound-state formation
via emission of one scalar mediator. For fermionic X1, X2, only the diagram to the right exists.
approximation as long as (3.12) is satisfied, but saturate to their respective Coulomb values
at vrel « mϕ{µ as the velocity decreases. In contrast, if close to a resonant parametric point,
S0 and S1 grow faster than 1{vrel and 1{v3rel respectively at vrel À mϕ{µ (in particular
S0 9 ζ2 9 1{v2rel), to eventually saturate to a constant value at a lower velocity that
depends on the proximity to the resonant point. For S0 in the Hulthen approximation, the
saturated value is S0pζ, ξq » pi2ξ{ sin2
a
pi2ξ [cf. eq. (3.11)].
This behaviour implies that an s-wave cross-section times relative velocity saturates
to a constant value at low velocities, while a p-wave recovers the velocity suppression that
appears in perturbative cross-sections, σp´wavevrel 9 v2rel, albeit is enhanced with respect
to its value if the Sommerfeld effect were neglected. This point will be important in our
discussion of the new contributions to BSF that we compute in the following.
3.2 Capture via emission of one scalar mediator ϕ, scalar X1 and X2
3.2.1 Amplitude
The leading order diagrams in λ1ϕ, λ2ϕ and ρϕ that contribute to the radiative part of the
transition amplitude due to the scalar couplings in eqs. (2.1) to (2.3) are shown in fig. 3.
We find
iASCT “ p´iλ1ϕq ipη2Pϕ ´ q ` pq2 ´m2ϕ p´ig2m2q
` p´iλ2ϕq ipη1Pϕ ` q ´ pq2 ´m2ϕ p´ig1m1q
` p´ig1m1q ipη1Pϕ ` q ´ pq2 ´m2ϕ p´iρϕq
i
pη2Pϕ ´ q ` pq2 ´m2ϕ p´ig2m2q . (3.13)
Then according to the discussion in section 2.2 on the scaling of the momenta,
ASCT » pλ1ϕg2η2 ` λ2ϕg1η1qMpq´ pq2 `m2ϕ ´
g1g2Mµρϕ
rpq´ pq2 `m2ϕs2 . (3.14)
The contribution from the diagrams of fig. 2 is [9, 31]
ATCT » ´2Mµ
“
g1p2piq3δ3pq´ p´ η2Pϕq ` g2p2piq3δ3pq´ p` η1Pϕq
‰
. (3.15)
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Inserting eqs. (3.14) and (3.15) in eq. (2.15), and neglecting the corrections arising from
the relativistic normalisation of states, we find
MSCkÑtn`mu »
M
µ
„
λ1ϕg2η2 ` λ2ϕg1η1q?
16piαsc
Vk,tn`mu ´
ˆ
ρϕ
µα2sc{2
˙?
4piαscRk,tn`mu

, (3.16)
MTCkÑtnlmu » ´M
a
2µ
“
g1Ik,tnlmupη2Pϕq ` g2Ik,tnlmup´η1Pϕq
‰
. (3.17)
Equation (3.17) of course agrees with eq. (2.16)
3.2.2 Cross-section for capture into the ground state
The cross-section for capture into the ground state is
vrel
dσBSF1
dΩ
» |Pϕ|
64pi2M2µ
|MkÑt100u|2 . (3.18)
The momentum of the emitted scalar is found from the conservation of energy [cf. eq. (2.14)]b
P2ϕ `m2ϕ » µ2 pα
2 ` v2relq , (3.19)
where we adopted the Coulomb value for the binding energy since ξ " 1.
Taking into account the contributions of eqs. (3.16) and (3.17) to the amplitude, and
the overlap integrals of eqs. (3.8) to (3.10) for capture into the ground state, we obtain
σtotBSF1vrel » α
2
sc
µ2
sBSF1ps
ˆ
ζ2
1` ζ2
˙
e´4ζarccot ζ
ˆ
#„
λ1ϕ g2η2 ` λ2ϕ g1η1?
64pi2αsc
´?αsc
ˆ
ρϕ
µα2sc{2
˙ˆ
ζ2
1` ζ2
˙2
S0pζ, ξq
`2
6pi
3
pg1η2 ´ g2η1q2
16piαsc
ˆ
ζ2
1` ζ2
˙
S1pζ, ξq
p1` ζ2q
*
, (3.20)
where sBSF1ps is the phase-space suppression factor for BSF1,
sBSF1ps ”
˜
1´
„
2mϕ
µpα2 ` v2relq
2¸1{2
. (3.21)
As can be seen from eq. (3.20), the ρϕ contribution to the BSF1 cross-section scales
as σBSF1vrel 9 p1{αqpρϕ{µq2. This is clearly of lower order in α than the cross-sections of
section 2.3, however it is suppressed by the square of the ratio of the mediator scale to
the DM scale. Assuming that ρϕ „ mϕ, the kinematic threshold mϕ À µα2{2 implies that
this contribution scales at best as σBSF1vrel 9 α3. While this is of higher order in α than
eq. (2.17), it is still of lower order than eqs. (2.19) and (2.21). It is of course important to
keep in mind that ρϕ may differ significantly from mϕ and/or the binding energy.
5
We shall now simplify and adapt the above expression – which has been derived for a
pair of distinguishable scalars – to various cases.
5 We note that the third diagram of fig. 3, from where the ρϕ contribution to BSF1 arises, resembles the
diagram that appears in the radiative capture via one gluon emission in non-Abelian theories due to the
trilinear gluon coupling [8]. That coupling is momentum dependent, with the relevant momentum scale in
the capture process being κ. We may recover the scaling of the non-Abelian BSF cross-section on α [34] by
mapping ρϕ Ñ g κ 9 α3{2.
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Different scalars species
Let us consider for simplicity the limiting case where the couplings of the two particles are
equal, λ1ϕ “ λ2ϕ “ λXϕ and g1 “ g2 “ g, while their masses are very different, η1 " η2.
Then, eq. (3.20) simplifies to
σtotBSF1vrel » α
2
sc
µ2
sBSF1ps
ˆ
ζ2
1` ζ2
˙
e´4ζarccot ζ
ˆ
#„
λXϕ?
4pi
´?αsc
ˆ
ρϕ
µα2sc{2
˙ˆ
ζ2
1` ζ2
˙2
S0pζ, ξq ` 2
6pi
3
ˆ
ζ2
1` ζ2
˙
S1pζ, ξq
p1` ζ2q
+
. (3.22)
In the regime where BSF is important and the Coulomb approximation is valid, i.e. for
mϕ À µvrel À µαsc, we recall that S1 » p1` ζ2qS0, thus all contributions exhibit the same
velocity scaling, σvrel 9 1{vrel. For perturbative λXϕ and for ρϕ „ mϕ À µα2sc{2, the
s-wave contributions are subdominant, and we recover the cross-section arising from the
diagrams of fig. 2 [cf. eq. (2.17)].
However, outside the Coulomb regime, i.e. for µvrel À mϕ À µαsc, the p-wave term
becomes velocity suppressed (cf. discussion in the end of section 3.1). This implies that at
sufficiently low velocities, the λXϕ and ρϕ contributions dominate.
Particle-antiparticle pair
For a particle-antiparticle pair, λ1ϕ “ λ2ϕ ” λXϕ, g1 “ g2 ” g and m1 “ m2 ” mX (or
η1 “ η2). In this case, the p-wave term in eq. (3.20) vanishes. The contribution from the
λXϕ and ρϕ couplings becomes
σSCBSF1vrel » α
2
sc
µ2
„
λXϕ?
4pi
´?αsc
ˆ
ρϕ
µα2sc{2
˙ˆ
ζ2
1` ζ2
˙2
sBSF1ps S0pζ, ξq
ˆ
ζ2
1` ζ2
˙
e´4ζarccot ζ .
(3.23)
However, as discussed in section 2.3, the trilinear ϕXX: coupling gives rise also to s- and
d-wave contributions that are suppressed by higher orders in αsc [9]. Comparing eq. (3.23)
with eq. (2.19) in the Coulomb regime, we find the following.
• The λXϕ contribution to eq. (3.23) dominates over eq. (2.19) if
λXϕ Á 18αsc . (3.24)
Note that if the mediator ϕ is the radial component of a complex scalar Φ that obtains
a vacuum expectation value vϕ and breaks a local symmetry, i.e. Φ “ pvϕ`ϕqeiaϕ{
?
2,
then the trilinear DM-DM-mediator coupling g arises from the quartic coupling of
this scalar to DM after spontaneous symmetry breaking, i.e.
δL “ ´λXϕ|Φ|2|X|2 Ą ´λXϕ vϕ ϕ|X|2 ´ λXϕ
2
ϕ2|X|2 . (3.25)
In this case, λXϕ and g are related via λXϕvϕ “ gmX . Note that mX receives a
contribution from vϕ, but remains an independent parameter. The above implies
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αsc “ λ2Xϕv2ϕ{p16pim2Xq, and the condition (3.24) becomes λXϕ À p16pi{18qpmX{vϕq2,
which encompasses the entire regime where λXϕ is perturbative if vϕ „ mϕ ! mX (or
more generally, if vϕ À mX). In this case, the λXϕ contribution to BSF1 dominates.
• The ρϕ contribution to eq. (3.23) dominates over eq. (2.19) if
ρϕ
µα2sc{2 Á 3
?
αsc , (3.26)
which encompasses significant parameter space.
Note that outside the Coulomb regime, the λXϕ and ρϕ contributions dominate over
eq. (2.19) in a broader parameter ranges than those designated by the conditions (3.24)
and (3.26), since the d-wave component of eq. (2.19) becomes suppressed at low vrel while
the s-wave terms saturate to constant values.
Identical scalars
For a pair of identical scalars, the total wavefunction has to be symmetric in the interchange
of the two particles. Thus the scattering state wavefunction is
rφkprq ` φ´kprqs {
?
2 , (3.27)
This implies that the contribution of the even-`S modes participating in a process is doubled
with respect to the case of distinguishable scalars, while the contribution of the odd-`S
modes vanishes. Similarly, there are only ` “ even bound states of two identical bosons.
Since eq. (3.23) includes only s-wave terms, the cross-section for a pair of identical scalars
is twice as large as that given by eq. (3.23).
3.3 Capture via emission of one scalar mediator ϕ, fermionic X1 and X2
3.3.1 Amplitude
For fermions, there are no renormalisable λjϕ couplings and only the third diagram in fig. 3
contributes. The amplitude is related to that for scalars as follows. The Dirac propagators
SDj can be expressed in terms of the scalar propagators Sjppq and the spinors u, u¯
SDj ppq “
ip{p`mjq
p2 ´m2j
“ Sjppqp{p`mjq “ Sjppq
ÿ
r
urjppqu¯rjppq , (3.28)
where r denotes the spin and j “ 1, 2 refers to the particle species. In order to compute
the fermionic BSF diagrams, we insert a factor
ř
ri
urij ppiqu¯rij ppiq for each propagator and
contract u¯
ri`1
j ppi`1qurij ppiq across each vertex i. Since all the fermion-fermion-scalar vertices
in the BSF diagrams are either soft or ultrasoft, we can use the identity
u¯
si`1
j ppi`1qusippiq » u¯si`1j ppiqusij ppiq “ `2mjδsisi`1 , (3.29)
as also in appendix A. The spin Kronecker deltas in eq. (3.29), upon summation over the
internal spin indices, ensure that the spin of each particle is conserved across the entire
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diagram, including both the ladders and the vertices in the radiative parts of the diagrams.
With this, we find
iASCT “ p´ig1q iu¯
r11
1 pη1K ` qqur11 pη1P ` pq
pη1Pϕ ` q ´ pq2 ´m2ϕ p´iρϕq
iu¯
r12
2 pη1K ` qqur22 pη1P ` pq
pη2Pϕ ´ q ` pq2 ´m2ϕ p´ig2q
“ ´i4Mµg1g2ρϕrpq´ pq2 `m2ϕs2 δ
r1r11 δr2r
1
2 , (3.30)
where r1, r
1
1 and r2, r
1
2 are the spins of the incoming and outgoing X1 and X2 particles.
Comparing eq. (3.30) to (3.14), we see that the ρϕ contribution to AT is larger by a factor
4 for a fermionic pair than for a scalar pair. However, taking into account that for fermions
αf “ g1g2{p4piq, the full amplitude for fermions looks the same as the ρϕ contribution to
eq. (3.16), up to the spin conservation factors,
MSCkÑtn`mu » ´
M
µ
˜
ρϕ
µα2f{2
¸a
4piαf Rk,tn`mu δr1r
1
1 δr2r
1
2 , (3.31)
where we used eqs. (2.15) and (3.4). Similarly, the contribution to the amplitude from the
diagrams of fig. 2 is
MTCkÑtnlmu » ´2M
a
2µ
“
g1Ik,tn`mupη2Pϕq ` g2Ik,tn`mup´η1Pϕq
‰
δr1r
1
1 δr2r
1
2 , (3.32)
where the extra factor 2 with respect to eq. (3.17) arises from the spinor contraction along
the leg that contains the radiative vertex.
3.3.2 Cross-section for capture into the ground state
Upon squaring the amplitudes (3.31) and (3.32), summing over the final-state spins and
averaging over the spin of the initial particles, the spin factors simply yield 1. Using
eqs. (3.18) and (3.19) and the overlap integrals (3.9) and (3.10), we find the spin-averaged
BSF1 cross-section to be
σtotBSF1vrel »
α2f
µ2
sBSF1ps
ˆ
ζ2
1` ζ2
˙2
e´4ζarccot ζ
ˆ
$&%αf
˜
ρϕ
µα2f{2
¸2 ˆ
ζ2
1` ζ2
˙
S0pζ, ξq ` 2
6pi
3
pg1η2 ´ g2η1q2
4piαf
S1pζ, ξq
p1` ζ2q
,.- . (3.33)
As in the previous section, we shall now consider some specific cases.
Different fermion species
We consider again the limiting case g1 “ g2 ” g and η1 " η2. Equation (3.33) simplifies to
σtotBSF1vrel »
α2f
µ2
sBSF1ps
ˆ
ζ2
1` ζ2
˙2
e´4ζarccot ζ
ˆ
$&%αf
˜
ρϕ
µα2f{2
¸2 ˆ
ζ2
1` ζ2
˙
S0pζ, ξq ` 2
6pi
3
S1pζ, ξq
p1` ζ2q
,.- . (3.34)
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As in the case of scalar X1,2, in the regime mϕ ă µvrel ă µα where the Coulomb approx-
imation holds, S1 “ p1 ` ζ2qS0, and both terms in eq. (3.34) scale as σvrel 9 1{vrel. For
ρϕ „ mϕ À µα2f{2, the s-wave term is subdominant for perturbative αf . However, at lower
velocities vrel ă mϕ{µ, the p-wave term dwindles and the ρϕ contribution dominates.
Particle-antiparticle pair
For a particle-antiparticle pair, the p-wave contribution in eq. (3.33) vanishes, and the BSF
cross-section becomes
σSCBSF1vrel “
α3f
µ2
˜
ρϕ
µα2f{2
¸2
sBSF1ps ˆ S0pζ, ξq
ˆ
ζ2
1` ζ2
˙3
e´4ζ arccot ζ . (3.35)
We recall that there are also s- and d-wave contributions of higher order in αf from the
trilinear ϕXX¯ coupling alone. Comparing eq. (3.35) with eq. (2.21), we find that the ρϕ
term is more significant if
ρϕ
µα2f{2
Á 2.4?αf . (3.36)
Identical fermions
For a pair of identical fermions, the total wavefunction has to be antisymmetric in the
interchange of the two particles. This implies that the spatial wavefunction depends on
their total spin. A pair of identical spin-1/2 particles may be either in the antisymmetric
spin-0 state, or in the symmetric spin-1 state. Their spatial wavefunction should then be
symmetric or antisymmetric, respectively,
fermions with total spin 0: rφkprq ` φ´kprqs {
?
2 , (3.37)
fermions with total spin 1: rφkprq ´ φ´kprqs {
?
2 . (3.38)
As for identical bosons, the wavefunction (3.37) implies that the contribution of the even-
`S modes participating in a process is doubled with respect to the case of distinguishable
particles, while the contribution of the odd-`S modes vanishes. The opposite holds for the
wavefunction (3.38). Similarly, there are only ` “ even bound states of two identical total-
spin-0 fermions, and only ` “ odd bound states of two identical total-spin-one fermions.
Since eq. (3.35) is an s-wave process, the spin-averaged cross-section for capture of two
identical fermions is half of that given in eq. (3.35), with the entire contribution arising
from the spin-0 state.
3.4 Capture via emission of two scalar mediators
The scalar couplings appearing in eqs. (2.1) to (2.3) raise the possibility that the radiative
part of the capture into bound states may carry a lower suppression in α if two mediators are
emitted. On the other hand, the emission of two mediators, which share the available energy
ω » µpα2 ` v2relq{2, implies that the BSF2 cross-section picks up additional suppression in
powers of α (for α ą vrel) due the phase space of the second mediator. To determine which
diagrams may contribute significantly, we first work out the phase-space integration.6
6 In a previous version of this paper, it was stated that the contributions to BSF2 from the trilinear
DM-DM-mediator couplings gj alone do not suffer from the cancellations of the gj contributions to BSF1
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3.4.1 Phase-space integration
The cross-section for capture via emission of two mediators with momenta Pa and Pb is
dσBSF2“ 1
2E12E2vrel
1
2
ż
d3P
p2piq32P 0
d3Pa
p2piq32P 0a
d3Pb
p2piq32P 0b
|MkÑtn`mu|2p2piq4δ4pK´P´Pa´Pbq,
(3.39)
where the factor p1{2q is due to the two identical particles in the final state. We work in
the CM frame, K “ 0, and use the three-momentum delta function to integrate over the
momentum of the bound state P “ ´pPa ` Pbq. The energy delta function yields the
condition b
P2a `m2ϕ `
b
P2b `m2ϕ `
P2
2M
» n` ` k. (3.40)
For convenience, we define the dimensioneless parameters
xa “ |Pa|
n` ` k , xb “
|Pb|
n` ` k (3.41)
and
δ ” n` ` k
2M
, d ” mϕ
n` ` k . (3.42)
Then, combining energy and momentum conservation, we obtain the phase space condition
for the momenta of the emitted scalars,a
x2a ` d2 `
b
x2b ` d2 ` px2a ` x2b ` 2xaxb cos θabqδ “ 1 , (3.43)
where θab is the angle between Pa and Pb. Because δ ! 1, the phase-space encompassed
by eq. (3.43) extends on the xa ´ xb plane essentially along the linea
x2a ` d2 `
b
x2b ` d2 “ 1 , (3.44)
with 0 ď xa ď
?
1´ 2d, and a small width along the xb direction, due to cos θab ranging
in r´1, 1s. Note that for the capture process to be kinematically allowed, 2d ă 1. The xb
width can be estimated by differentiating eq. (3.43) with respect to xb and cos θab. We find
xmaxb ´ xminb » 4xa
´
1´ax2a ` d2¯ δ . (3.45)
For the diagrams of interest, the amplitude is independent of Pa,b (cf. section 3.4.2).
Thus, putting everything together, eq. (3.39) yields
σBSF2vrel » pn` ` kq
3
283pi3M2µ
|MkÑtn`mu|2 sBSF2ps pdq , (3.46)
where sBSF2ps is the phase-space suppression factor due to the kinematic threshold for BSF2,
sBSF2ps pdq ” 6
ż ?1´2d
0
dx x2
d
1` x2 ´ 2?x2 ` d2
x2 ` d2 , (3.47)
shown in fig. 2. However, the resummation of the one-scalar-exchange diagrams between the two emission
vertices in the corresponding BSF2 diagrams reveals that the same cancellations are present. Thus, these
contributions to BSF2 are not of interest, and we do not consider them here. We thank Joan Soto for
pointing this out.
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X1
X2
η1K ` q η1P ` p
η2K ´ q η2P ´ p
Pa
Pb
g1
g2
λϕ
Figure 4. Capture via emission of two scalar mediators: the contribution of the mediator quartic
self-coupling to the radiative amplitude.
with sBSF2ps “ 1 for d “ 0. Comparing eq. (3.46) with eq. (3.18), we observe that the BSF2
cross-section is proportional to two extra powers of the available energy to be dissipated,
ω » n` ` k, with respect to BSF1, as expected from the phase-space element for the
second mediator d3Pb{p2P 0b q 9 ω2. This implies an extra suppression by α4 in the regime
where BSF is important, α ą vrel. We also note the suppression of BSF2 with respect to
BSF1 by the numerical factor 1{p243pi2q » 2ˆ 10´3.
3.4.2 Amplitude and cross-section
In figs. 4 to 6, we show various contributions to BSF2 arising from the mediator self-
couplings and the mediator-DM quartic coupling for scalar DM. The diagram of fig. 4
yields the most important contribution. We shall first compute the cross-section arising
from this diagram and then discuss why we neglect the other contributions.
The amplitude for the λϕ contribution can be obtained from the second term in
eq. (3.16) by replacing ρϕ with λϕ. Taking into account the discussion in section 3.3.2, we
find it to be the same for both bosons and fermions,
MSCkÑtn`mu » λϕ
c
16pi
α3
M
µ2
Rk,tn`mu , (3.48)
where Rk,tn`mu is defined in eq. (3.4). From eqs. (3.9) and (3.46) we obtain the (spin-
averaged) cross-section for capture into the ground state,
σSCBSF2vrel » f
λ2ϕα
3
48pi2µ2
sBSF2ps S0
ˆ
ζ2
1` ζ2
˙
e´4ζ arccot ζ , (3.49)
where sBSF2ps and S0 are given in eqs. (3.47) and (3.11) respectively. The factor f follows
from the discussion in sections 3.2 and 3.3, with
f “
$’’’’&’’’’%
1, distinguishable scalars,
2, identical scalars,
1{4, distinguishable fermions,
1{2, identical fermions.
(3.50)
The cross-section (3.49) becomes comparable to the ρϕ contribution to BSF1 computed in
sections 3.2.2 and 3.3.2 for
λϕ
4
?
3pi
„ ρϕ
µα2{2 . (3.51)
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Comparing with the BSF1 contributions from the trilinear coupling alone (2.19) and (2.21),
the λϕ contribution to BSF2 is more significant for
λϕ Á 102?α . (3.52)
The perturbativity of the couplings implies that the above condition may be meaningfully
satisfied only for small coupling α À 10´3.
3.4.3 Other subdominant contributions
In figs. 5 and 6, we display various diagrams arising from ρϕ and λjϕ. Their contributions
to BSF2 are subdominant compared to the contributions of the same couplings to BSF1
for reasonable choices of the parameters, as we discuss below. Since for phenomenological
purposes, we are interested mostly in the total capture rate, we do not compute these
contributions in detail.
Because part of the suppression arises from the phase space density of the second
mediator (cf. section 3.4.1), we will consider directly the contributions of these diagrams
to the cross-section rather than the amplitude, thus neglecting any cross-terms between
different diagrams (except in the cases where there is a cancellation between them). It
is straightforward to verify that the cross-terms do not alter our conclusions. We focus
on particle-antiparticle or identical-particle pairs. Our comparisons refer to the regime
α ą vrel where BSF is important, setting aside the ζ-dependent factors that yield the same
vrel dependence between BSF1 and BSF2 in this regime.
• For particle-antiparticle or identical-particle pairs, the sum of the two diagrams
on the left in fig. 5 suffers from the same cancellation as the diagrams of fig. 2
(cf. section 2.3). This introduces a α4 suppression in the corresponding cross-section,
while the phase-space density of the second emitted mediator implies an additional
suppression by pµα2{2q2 as discussed in section 3.4.1. These suppressions are bal-
anced by the propagator of the off-shell mediator, which introduces a factor „
pP 0a ` P 0b q´4 9 pµα2{2q´4. Thus, the contribution of these diagrams to the cross-
section scales as σBSF2vrel 9 pρϕ{µq2. This is suppressed by α with respect to the ρϕ
contribution to BSF1, σBSF1vrel 9 p1{αqpρϕ{µq2 [see e.g. eq. (3.35)], as well as by the
numerical factor „ 2ˆ 10´3 due to the three-body phase space.
• The third and forth diagrams in fig. 5 can be estimated starting from the ρϕ contri-
bution to BSF1 [cf. third diagram in fig. 3 and eq. (3.35)].
For the third diagram, the off-shell mediator yields a factor 9 pµα2{2q´4. Taking
into account the phase-space suppression 9 pµα2{2q2, we find that the contribution
to the BSF2 cross-section scales as σBSF2vrel 9 p1{α5qpρϕ{µq4. Assuming that ρϕ „
mϕ À µα2{4 (cf. footnote 5), effectively this yields at best σBSF2vrel 9 α3, similarly
to the BSF1 cross-section (3.35). Still, the numerical suppression of BSF2 due to the
three-body phase space ensures that the BSF2 contribution is subdominant to BSF1.
– 19 –
Pa Pb
g1
ρϕ
Pa Pb
g2
ρϕ
Pa
Pb
g1
g2
ρϕ ρϕ
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ρϕ
Figure 5. Capture via emission of two scalar mediators: the contributions of the mediator trilinear
self-coupling to the radiative amplitude.
Pa
Pb
λ1ϕ
λ2ϕ
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λ2ϕ
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Pb{a
λ1ϕ
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ρϕ
Pa{b
Pb{a
λ2ϕ
g1
ρϕ
Pa Pb
λ1ϕ
Pa Pb
λ2ϕ
Figure 6. Capture via emission of two scalar mediators: the contribution of the quartic DM-
mediator coupling to the radiative amplitude. These diagrams exist for scalar DM only.
However, if there is a large hierarchy between mϕ and ρϕ with ρϕ " mϕ, then the
diagram under consideration may be significant.7
For the forth diagram, the off-shell mediator between the two emitted scalars yields
a factor 9 pµαq´4. It follows that it is subdominant to the third diagram in fig. 5
and to the ρϕ contribution to BSF1.
• For the two diagrams on the left in fig. 6, we start from the first term of eq. (3.23),
replace one factor of α with λ2Xϕ and introduce the phase-space suppression 9 α4.
We obtain σBSF2vrel 9 α5λ4Xϕ.
• For the two middle diagrams in fig. 6, we start from the second term of eq. (3.23),
replace one power of α with λ2Xϕ and introduce the phase-space suppression 9 α4. We
obtain σBSF2vrel 9 α2λ2Xϕpρϕ{µq2, which is subdominant to the first term of eq. (3.23)
for ρϕ ! µ.
• The two diagrams on the right in fig. 6 suffer from the cancellations of the BSF1
diagrams of fig. 2. Replacing one factor of α with λ2Xϕ results in the suppression
λ2Xϕα
3 for particle-antiparticle or identical-particle pairs. Introducing also the phase-
space suppression yields σBSF2vrel 9 λ2Xϕα7.
7 We note that the three left diagrams in fig. 5 exhibit a collinear divergence at mϕ Ñ 0 that would
have to be treated appropriately.
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4 Conclusion
Dark matter coupled to a light scalar mediator is motivated in the context of Higgs portal
models, self-interacting DM, and more generally models beyond the SM with extended
scalar sectors. Light force mediators generically imply the existence of DM bound states,
whose formation has important implications for the DM phenomenology. While the cos-
mological and astrophysical formation of bound states is significant in models with vec-
tor mediators, it is less efficient in models with scalars mediators. Indeed, considering
only a trilinear DM-DM-mediator coupling, the radiative capture of particle-antiparticle
or identical-particle pairs into bound states with emission of a scalar mediator is subject
to cancellations that suppress the cross-section by higher powers in this coupling.
While the trilinear coupling determines the long-range interaction between the DM
particles, it is not necessarily the only contributor to the radiative part of the transition.
Quite generically, in theories with scalar mediators the couplings in the scalar potential also
contribute. In this work, we investigated the contribution of the mediator self-couplings, as
well as the DM-mediator quartic coupling in the case of scalar DM, to the radiative capture
into bound states. We considered capture both via one and two scalar mediator emission.
Our main results include eqs. (3.22) and (3.23) for BSF1 by scalar particles, eqs. (3.34)
and (3.35) for BSF1 by fermionic particles, and in eq. (3.49) for BSF2. We have found that
the newly considered couplings can enhance or dominate the capture rate in sizeable parts
of the parameter space, described in part by eqs. (3.24), (3.26), (3.36), (3.51) and (3.52).
Importantly, the new contributions are s-wave and remain significant even at very
low velocities, thereby enhancing the radiative signals that can be probed in the indi-
rect searches. This can potentially strengthen the resulting constraints. While models
with light mediators and s-wave annihilation are severely constrained by the CMB and
other indirect probes [10, 61, 62], models with p-wave annihilation – such as fermionic
DM coupled to a scalar mediator – remain largely unconstrained. In this case, the forma-
tion and subsequent decay of unstable bound states offers a source of detectable indirect
signals [15]. (Bremsstrahlung of dark mediators has also been invoked to lift the p-wave
suppression [63].) Moreover, s-wave annihilation processes may lead to a period of reanni-
hilation in the early universe, after DM kinetic decoupling [64].
Besides the signals produced from the decay of unstable bound states, the radiation
emitted during the capture process is another source of indirect signals even in the case
of stable bound states [19]. This is particularly important for asymmetric DM [65], whose
annihilation signals are suppressed due to the asymmetry (albeit can still be significant
due to the Sommerfeld effect [12]). Asymmetric DM, in turn, offers an excellent host
of self-interacting DM, both because it allows for large couplings to light mediators, and
it evades the indirect detection constraints, provided that the asymmetry is sufficiently
large [13]. The enhanced radiative signals expected due to the contributions computed
here can improve the prospects of probing asymmetric and self-interacting DM.
Moreover, for asymmetric DM coupled to a light scalar, the enhanced rate of formation
of two-particle bound states can result in more efficient cosmological formation of multipar-
ticle bound states [24], which in the case of scalar DM may lead to solitosynthesis [66–68].
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Appendices
A Non-relativistic potential for scalars and fermions
The non-relativistic static potential describing the X1´X2 interaction is (see e.g. [31, 69])
V prq “ ´ 1
4Mµ
ż
d3k
p2piq3M2PIpkq e
ikr , (A.1)
whereM2PIpkq encompasses all 2-particle-irreducible diagrams that contribute to the X1´
X2 elastic scattering. To leading order, this is the one boson exchange shown in fig. 7.
X1
X2
ps1q
ps2q
ps11q
ps12q
η1P ` p
η2P ´ p
η1P ` p1
η2P ´ p1
k “ p´ p1
ps1q
ps2q
ps11q
ps12q
η1P ` p
η2P ´ p
η1P ` p1
η2P ´ p1
k “ p´ p1
Figure 7. One boson exchange diagrams that yield the leading order contribution to the non-
relativistic potential between two different paticles X1 and X2 (left), or a particle-antiparticle pair
(right). The parentheses denote the spin of the incoming and outgoing particles, in the case of
fermions.
From the Lagrangians of eqs. (2.1) to (2.3), we find for the interaction of a scalar pair
X1X2, a fermionic pair X1X2 and a fermion-antifermion pair XX¯,
iMsc2PIpkq “ p´ig1m1qp´ig2m2q ik2 ´m2ϕ »
ig1g2m1m2
k2 `m2ϕ , (A.2)
iMf2PIpkq “ r´ig1u¯s
1
1pη1P ` p1qus1pη1P ` pqsr´ig2u¯s12pη2P ´ p1qus2pη2P ´ pqs i
k2 ´m2ϕ
» i4g1g2m1m2
k2 `m2ϕ δ
s1s11δs2s
1
2 , (A.3)
iMf,XX¯2PI pkq “ p´1q3r´igu¯s
1
1pP {2` p1qus1pP {2` pqsr´igv¯s2pP {2´ pq vs12pP {2´ p1qs i
k2 ´m2ϕ
» i4g
2m2X
k2 `m2ϕ δ
s1s11δs2s
1
2 , (A.4)
where we made the approximation k0 ! |k|. In eq. (A.4), the factor p´1q3 arises from the
permutation of the fermion fields in the Wick contractions (see e.g. [69, section 4.7]). For
the spinor contractions in eqs. (A.3) and (A.4), we used
u¯s
1
j pp1jqusj ppjq » u¯s
1
j ppjqusj ppjq “ `2mjδsjs1j (A.5)
v¯sj ppjqvs1j pp1jq » v¯sj ppjqvs
1
j ppjq “ ´2mjδsjs1j (A.6)
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From eqs. (A.1) to (A.4), we find the well known Yukawa potential
V prq “ ´α
r
e´mϕr , (A.7)
with α “ αsc or α “ αf depending on whether the interacting particles are scalars or
fermions respectively, where
αsc ” g1g2
16pi
and αf ” g1g2
4pi
. (A.8)
The interaction is attractive if g1g2 ą 0.
B Scattering state and bound state wavefunctions
The bound state and scattering state wavefunctions obey the Schro¨dinger equations„
´∇
2
2µ
` V prq

ψn`mprq “ ´n`ψtn`muprq , (B.1)„
´∇
2
2µ
` V prq

φkprq “ `kφkprq . (B.2)
Coulomb limit, mϕ Ñ 0. The ground-state and scattering state wavefunctions are
ψC100prq “
c
κ3
pi
e´κr , (B.3)
φCk prq “
b
SC0 pζq 1F1riζ, 1, ipkr ´ krqseikr , (B.4)
where 1F1 is the confluent hypergeometric function of the first kind, and
SC0 pζq ” 2piζ1´ e´2piζ . (B.5)
φCk prq can also be decomposed in angular momentum modes as follows
φCk prq “
b
SC0 pζq
8ÿ
`S“0
Γp1` `S ´ iζq
p2`Sq! Γp1´ iζqp2ikrq
`Se´ikr1F1 p1` `S ` iζ, 2`S ` 2, i2krqP`S pkˆrˆq.
(B.6)
Outside the Coulomb regime: Hulthen approximation. For the Yukawa potential
(2.6), the solutions of the Schro¨dinger equation are not known in a closed form. However,
it is possible to obtain analytical solutions for the ` “ 0 modes of the wavefunctions, if we
replace the Yukawa for the Hulthen potential [70, 71],
VHprq “ ´αm˚ e
´m˚r
1´ e´m˚r . (B.7)
For m˚ „ mϕ, the Hulthen potential reproduces the behavior of the Yukawa potential at
short and large distances. Both potentials admit bound state solutions provided that the
screening length scale is sufficiently large. The thresholds for the n-th bound level in the
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Hulthen potential are m˚ ď 2µα{n2, while for the Yukawa potential (2.6), bound states
exist if mϕ ď µα{0.84 [9]. We shall pick
m˚ “ 1.68mϕ , (B.8)
such that the conditions for the existence of the lowest bound state coincide.
The solutions to the Schro¨dinger equation for the Hulthen potential can be expressed
in terms of the two dimensionless parameters
ζ ” α{vrel and ξ ” 2µα{m˚ . (B.9)
Note that ζ and ξ are always defined using the appropriate fermionic or scalar coupling α. ζ
compares the average momentum transfer between two unbound particles („ µvrel) with the
relative average momentum of the particles inside the bound state („ µα), while ξ compares
the Bohr momentum (κ “ µα) that determines the size of the bound state, with the
screening scale (m˚) that determines the range of the interaction. The interaction manifests
as long-range roughly if ξ Á 1; this is the regime where non-perturbative phenomena, the
Sommerfeld effect and bound states, emerge. The Coulomb limit is recovered for ξ Ñ8.
For the ground state, the binding energy is
10 “ κ
2p1´ 1{ξq2
2µ
, (B.10)
and the wavefunction reads
ψ100prq “ ξ
d
κ3
pi
ˆ
1´ 1
ξ2
˙
sinhpκr{ξq expp´κrq
κr
. (B.11)
For the scattering state, we make the partial-wave decomposition
φkprq “
8ÿ
`S“0
w`S pm˚rq P`S pkˆ ¨ rˆq . (B.12)
It is possible to find an analytical solution for `S “ 0 only, which suffices for our purposes,
w0pzq “
a
S0pζ, ξq e´iξz{p2ζq
ˆ
1´ e´z
z
˙
2F1pa0, b0, 2; 1´ e´zq , (B.13)
where 2F1 is the hypergeometric function and
a0 ” 1` iξ
2ζ
p1´a1´ 4ζ2{ξq , (B.14)
b0 ” 1` iξ
2ζ
p1`a1´ 4ζ2{ξq , (B.15)a
S0pζ, ξq ” iζ
ξ
„
Γpa0qΓpb0q
Γpiξ{ζq
˚
. (B.16)
From eq. (B.16), we obtain
S0pζ, ξq “ 2piζ sinhppiξ{ζq
coshppiξ{ζq ´ coshrppiξ{ζqa1´ 4ζ2{ξs , (B.17)
which reduces to eq. (B.5) in the limit ξ Ñ8.
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C Overlap integrals
For the capture into bound states via emission of two scalars, we need to compute the
overlap integrals
Vk,tn`mu ” p8piκq1{2
ż
d3q
p2piq3
d3p
p2piq3
φ˜kpqqψ˜n˚`mppq
pq´ pq2 `m2ϕ , (C.1)
Rk,tn`mu ” p8piκ5q1{2
ż
d3q
p2piq3
d3p
p2piq3
φ˜kpqqψ˜n˚`mppq
rpq´ pq2 `m2ϕs2 . (C.2)
We Fourier transform the wavefunctions as follows
ψn`mprq “
ż
d3p
p2piq3 ψ˜tn`muppq e
ipr, ψ˜n`mppq “
ż
d3r ψn`mprqe´ipr , (C.3)
φkprq “
ż
d3p
p2piq3 φ˜kppq e
ipr, φ˜kppq “
ż
d3r φkprqe´ipr . (C.4)
The overlap integrals become
Vk,tn`mu “
´ κ
2pi
¯1{2 ż
d3r φkprqψn˚`mprqe
´mϕr
r
, (C.5)
Rk,tn`mu “
ˆ
κ5
8pi
˙1{2
1
mϕ
ż
d3r φkprqψn˚`mprq e´mϕr » ´
ˆ
κ5
8pi
˙1{2 ż
d3r φkprqψn˚`mprq r.
(C.6)
In the second step in eq. (C.6), we expanded the decaying exponential inside the integral.
The bound-state wavefunction implies that the integrand is significant for r À n{pµαq
while the kinematic threshold (3.7) for BSF imposes mϕ ă µα2{p2n2q; therefore mϕr À
α ! 1. The zeroth order term in the expansion vanishes due to the orthogonality of
the wavefunctions, leaving the first order term to be the dominant contribution. In the
following, we will focus on the capture into the ground state, tn`mu “ t100u.
While in the Coulomb limit (mϕ Ñ 0) it is possible to obtain analytical expressions for
the integrals eqs. (C.5) and (C.6), outside the Coulomb regime they should be evaluated nu-
merically. However, it is possible to obtain an analytical approximation, using the Hulthen
potential (cf. appendix B). Since ξ ” 2µα{m˚ " 1 in all the parameter space where BSF
is kinematically allowed to occur [cf. eq. (3.7)], the bound state wavefunction ψ100prq can
be well approximated by its Coulomb value. On the other hand, the scattering-state wave-
function φkprq is close to its Coulomb limit for r À 1{m˚, up to an overall normalisation
which, for the `S “ 0 mode, is determined by the factor S0pζ, ξq of eq. (B.17). Since ξ " 1,
this encompasses all the range in which ψ100prq and therefore the integrands in eqs. (C.5)
and (C.6) are important, r À 1{pµαq. It follows that Vk,t100u and Rk,t100u – which depend
only on the `S “ 0 mode of the scattering state wavefunction – can be well approximated
by their Coulomb values even outside the Coulomb regime provided that we replace SC0 pζq
in eq. (B.4) with S0pζ, ξq.
Following ref. [19] (see also [9, 31, 34]), we shall use the identity [72]ż
d3r
eipk´Γqr´κr
4pir
1F1riζ, 1, ipkr ´ krqs “ rΓ
2 ` pκ´ ikq2s´iζ
rpk´ Γq2 ` κ2s1´iζ ” fk,Γpκq . (C.7)
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Then, eqs. (C.5) and (C.6) become
Vk,t100u » `
a
8κ4S0pζ, ξq fk,Γ“0pκq , (C.8)
Rk,t100u » ´
a
2κ8S0pζ, ξq
„B2fk,Γ“0pκq
Bκ2

. (C.9)
Taking into account that κ{k “ ζ, we arrive at
Vk,t100u »
a
8S0pζ, ξq
ˆ
ζ2
1` ζ2
˙
e´2ζ arccot ζ , (C.10)
Rk,t100u »
a
8S0pζ, ξq
ˆ
ζ2
1` ζ2
˙2
e´2ζ arccot ζ . (C.11)
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